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included angles,a cutting process, with a plastic zone shape that ac­

cords with rigid/plastic (e.g., slip-line field) 14- 16 expectations, 

is observed (Fig. la). For indenters of large included angle, the 

plastic zone shows spherical symmetry (usually hemispherical), even in 

materials subject to ready plasticity, e.g., annealed brass (see 

Fig. lb), This deformation response (referred to as radia1 compress~ 

ion) exhibits analogies with the elastic/plastic deformation expected 

17 around a cavity subject to internal pressure. The difference be-

tween the two deformation responses to indentation is also manifest in 

the degree of material pile-up around the indentation. In the rig-

id/plastic regime material is displaced to :he surface and therefore 

gives rise to a large raised lip around the indentation; whereas, for 

radial compression, very little pile-up is observed. The transition 

appears to occur over a range of cone angles, 13 •18 such that lower 

transition angles pertain to materials with a higher hardness-to-modu-

lus ratio. For example, the transition range is >120° for alumin­

um, 16 ~105° for v1ork-hardened mild steel, 18 and -60° for cold 

t'Olled brass .13 An .. interpretation of the behavior of indentations 

exhibiting hemispherical plasticity is the primary focus of this study. 

The analogy between the hemispherical indentation zone and the 

pressurized spherical cavity has been recognized previously, but not 

fully exploited. Dugdale 19 and Mulhearn 13 used a rigid-plastic, 

radial-compression model to relate hardness to the stress strain curve 

~nd to calculate the plastic strain field. Marsh 20 derived a semi-

empirical relation between indentation pressure (hardness) and the 

ratio of elastic modulus to yield stress, based on Hill's spherical 
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cavity expansion solution 17 for infinite elastic/plastic materials. 

The reduced constraint around the hemispherical cavity was introduced 

by allowing two constants to be adjusted to fit experimental measure­

ments. However, effects of indenter geometry were not explicitly con­

sidered. In an alternative analysis, which has been widely adopted in 

recent studies on indentation, Johnson 21 attempted to account for 

the influence of indenter angle by allowing the indentation pressure 

to be transmitted via an incompressible hydrostatic core beneath the 

indenter. However, the core in this analysis is a nebulous entity and 

the predicted indentation pressures appreciably underestimate the mea­

sured values (see Fig. 2 and 3). 

The present approach commences by reassessing the correlation be­

tween indentation deformation and the spherical cavity model, and then 

develops new concepts for extending the spherical cavity solution to 

account for the reduced half-space constraint. The approach suggests 

an analytic procedure for calculating the stress field around an in­

dentation. The stresses deduced in accord with this procedure will be 

used to consolidate further the indentation plasticity problem and 

thus to permit trends in the indentation pressure and plastic zone ra­

dius {with yield stress and elastic modulus) to be predicted and cGm­

pared with the experiment. In addition, the stress analysis permits 

trends in the fracture initiation threshold with material properties 

to be derived and correlated with experimental observations. Fi~ally, 

some implications for fracture propagation behavior also emerge from 

the analysis. 
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2. INDENTATION ANALYSES 

2.1 Basic otheses 

Two hypotheses establish the present basis for relating indenta­

tion deformation to the spherical cavity model. Firstly, the extent 

of plasticity (as manifest in the volume V of the plastic zone) is 

considered to be fundamentally dictated by the plastic wo~k of inden­

tation. Secondly, the plastic zone volume is assumed to be related 

exclusively to the indentation volume t.V, independent of the indenter 

geometry. This proposal is based on the observations (and numerical 

calculations) both of spherical symmetry in the plastic zone, regard­

less of indenter geometry, 12 •13 •22 - 24 and, in particular, of identi­

cal plastic zone boundaries for spherical and Vickers pyramidal inden­

t at i on of e q u a 1 v o 1 u me . 12 

The above hypotheses necessarily require that the indentation 

pressure be independent of indenter geometry, because the plastic work 

of indentation is the product of the indentation pressure and the vol­

ume of indentation. The experimental results of Atkins and Tabor18 

on steel and copper are in reasonable accord v1ith this requirer~~ent. 

Specifically, the hardness was determined to vary by <10% over the 

range of cone angles for which deformation occurs by radial compress­

ion (the actual variation depends on the degree of prior work harden­

ing of the indented material; constant hardness occurs at a work hard~ 

ening s ain of about 0.1 - 0.2). In addition, results of pyramida~ 

indentations performed in soda-lime glass, ZnS and As 2s3 glass 

confirmed the approximate shape independence of the indentation 

pressure and plastic zone volume. 25 
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The assumed shape invariance of the indentation pressure and plas-

tic zone dimension permits experimental indentation results to be re-

ferred to a common indentation geometryo A convenient reference geom-

etry is the hemispherical indentation, radius a, with hemispherical 

plastic zone, radius bo The relative hemispherical indentation dimen-

sions, 6 (see Fig. 4a), can then be simply expressed by the relation: 

6 = b/a = (V/~V)l/J (la) 

which for pyramidal indentation becomes 

(lb) 

where 2~ is the indentation diagonal and 2~ is the included angle 

between opposite edges of the pyramid (see Fig. 4b). For a Vickers 

indenter, ~ = 74", and a= 0.45a. The relationship between a and~ for 

pyramidal, conical and spherical indenters is given in Appendix I. 

Transferring the indentation pressure directly to the reference 

geometry permits experimental results to be readily compared with 

hemispherical indentation analyses. The detailed comparison will be 

conducted following the stress analysis of the elastic/plastic 

indentation. 

2.2 Correlation Between Indentation Ex eriments and the erical 
on 

A preliminary analysis of indentation plasticity is conducted, in 

accord with the above hypotheses, by adopting the results of the 

spherical cavity solution 17 
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p 2 3 y = 3 [1 + tn (B) ] ( 2a) 

t"" 3 (1-v) (s)
3

- 2(1-2v) (2b) 

where p is the indentation pressure, Y is the yield stress, E is 

Young's modulus, v is Poisson's ratio and s is defined in ~q. (1). 

These relations can be rearranged to yield expressions that are suita-

ble for direct comparison with experimental results: 

E 
p 

9 [1-v) (s) 3 - 2(1-2v)/3] 

· 2[1 + £n(s )3] 

£ _ .?_ {l + ln (E/Y) + 2(1-2v)]} 
Y - 3 - LNn 3(1-v) 

These expressions are plotted in Figs. 2 and 3. 

(3a) 

(3b) 

The experimental and 

numerical results for the relative plastic zone size s, (Table I) are 

compared v1ith Eq. (3a) in Fig. 2. The quality of the correlation 

(which has not previously been attempted) is encouraging. In particu-

lar, it is noted that the experimental results imply that a smaller 

indentation pressure is needed to attain equivalent plastic zone di-

~ensions in the half-space: a tendency consistent with the reduced 

elastic constraint of the half-space. This trend is ultimately quan­

tified in Section 3.2.1. 

Experimental results relating indentation pressure, yield stress 

and elastic modulus, elicited from the studies of March 20 and Hirst 

and Howse 26 are compared with Eq. ( 3b) in Fig, 3. (The results for 

the polymers are given different symbols because these materials are 
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subject in part to densification plasticity during indentation - as 

manifest in a refractive index change in the plastic zon 7 -and 

may not, therefore, be suitable for comparison with elastic/plastic 

solutions.) Again, there is both a good correlation and a tendency 

for the experimental results to deviate appropriately, toward lower 

indentation pressures. The existence of this correlation could, in 

fact, have been deduced from Marsh 1 s20 interpretation of trends in 

the indentation pressure, in which a reduced constraint was implicitly 

included in the derivation of a semi-empirical relation for the inden­

tation pressure. The role of the reduced constraint is quantified in 

Section 3.2.1. 

It is appropriate at this juncture to compare the above correla­

tion with that achieved by Johnson 21 (Figs. 2,3). It is noted that 

his comparison is less satisfactory, particularly with regard to the 

plastic zone dimension. 
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3. STRESS Ar;ALYSIS 

3.1 The Method of Solution 

Previous studies of elastic/plastic indentation stress fields in­

clude an analytic solution 28 and several numerical solutions. 29 ~ 3 G 

The analytic solution is based on the premise that the stresses within 

the elastic zone are identical in form to the stress field created by 

fully-elastic indentation. This is not an acceptable assumption for 

the (axisym~etric) indentation problem* and hence, the solution yields 

stress fields that are inconsistent with several observed trends in 

crack evolution and in indentation plasticity. The numerical solu~ 

tions are limited in scope, and do not provide a sufficient character-

ization the indentation stress field to permit further analysis. 

(However, the results provide invaluable sources of comparison, at co-

incidence points, with analytic solutions). The stress fields needed 

for the analysis of trends in both fracture thresholds and indentation 

plasticity are developed in the present paper, using boundary condi~ 

tions suggested by the reference hemispherical indentation,** dis~ 

cussed in Section 2. 

*Elastic stress fields under elastic/plastic conditions are only nee~ 
essarily similar in form to the equivalent elastic field when the 
problem is fully symmetric (e.g., in the pressurized spherical cav­
ity). More generally, the only requirement imposed by the elastic so­
lution is that St. Venant's principle31 be satisfied, i.e., that the 
far field stresses be equivalent to those given by the elastic-sol~­
tion (the Boussinesq solution32 in this case), 

**Small deviations from hemispherical symmetry occur in the immedic-::c 
vicinity of the free surface; but these deviations reduce in magnitude 
as the penetration increases: becoming negligible at penetrations of 
one diameter, 
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The approach commences with the elastic/plastic solution for a 

spherical cavity, radius a, under a pressure p, which creates a spher-

ical plastic zone, radius b. This provides an initially symmetric 

elastic/plastic field (Fig. 5). Then a free surface is created by 

eliminating the tangential stress field acting over a plane through 

the cavity center (Fig. 5). This is achieved by using the-elastic 

point force solutions pertinent to the half-plane problem provided by 

Mindlin, 33 i.e., point forces that do not create either a normal 

stress or in-plane shear stresses at the 'surface' plane, as illus-

trated in Fig. 5. The stresses that result from these forces super-

impose onto the initial, symmetric stresses to generate the indenta-

tion stress field. This procedure would not normally be justified for 

elastic/plastic problems. However, it will be demonstrated that, for 

the present problem, this approach (by virtue of the symmetry) pro-

vides a self-consistent solution. 

,Ll,pplication of the surface forces induces a radial stress, 

at the location of the cavity interface (Fig. 5). For calculations of 

the stress field vJhile the pressure is still being applied, the. effect 

s of the stress or is to create a moaified pressure p' (p 1 = p s 
- 0 ) • 

r 

This modified pressure pertains to the selected plastic zone and 

cavity dimensions, and thereby becomes that indentation pressure (or 

hardness, H) associated with a plastic zone of relative size B. All 

stresses should thus be referred to the pressure p'. 

For calculations of the residual stress field, it is not permissa-

ble to retain a stress at the cavity surface. Hence, in this in-

stance, the stress is eliminated by an iterative scheme, involving 
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the sequential application of cavity surface pressure and point forces 

until the residual forces become negligibly small.* 

The application of surface forces along a plane bisecting the cav-

ity must also generate shear stresses within the half plane, which 

will superimpose upon the shear stresses provided by the symmetrical 

cavity solution (Fig. 5). However, within the plastic zone, the maxi-

mum principal shear stress is required to be uniform in order to sat-

isfy the Tresca yield criterion. It is implicit in the calculation, 

therefore, that the point force solutions result in a constant 

principal shear stress within this zone. Additional shear stress of 

significant magnitude would superimpose on those provided by the 

symmetrical solution; in essence, changing the yield strength of the 

material, from Y toY'. The effective yield strength of a material 

with a relative indentation plastic zone dimension B thus becomes Y'. 

The rationale for expecting the Mindlin forces to provide a rela-

tively uniform shear stress in the plastic zone is based upon the ob-

served spherical symmetry of the plastic boundary. The premise must 

be justified, however, by the results 6f the calculations. Specifi-

cally, the calculations must indicate spherically S}~metric contours 

* Several different schemes have been attempted previously in order to 
retain a stress free cavity surface for residual stress field. 
These schemes include applying a point force at the cavity center, 
applying forces over a projected circular area of the cavity on t~e 
surface, or applying forces over the boundary of this circular area. 
Hcwever, none of the schemes mentioned above give a reasonable re­
sidual stress field, i.e., the residual stress field becomes too 
small 0: negative everywhere. Hence, they are not further pursued. 



11 

of constant shear stress within the plastic zone. It will be demon~ 

strated that these requirements are reasonably well satisfied. Hence, 

the method of calculation satisfies both boundary conditions: viz,, a 

stress-free surface and an approximately uniform shear stress within 

the plastic zone. A self-consistent solution can thus be obtained 

using the proposed approach. 

The stress field solutions obtained in the above manner can only 

be strictly applicable to a hemispherical indentation. The influence 

of the indenter geometry, although a minor perturbation upon the re~ 

sidual stress field (because the indentation surface is stress free 

and signifi'cant geometric effects would only be manifest in the immed~ 

iate vicinity of the indentation), can be appreciable at peak load. 

The origin of the peak load geometry effect is associated with the 

shape independence of the hardness. As the shape changes (at constant 

indentation volume) the applied force must also change in order to 

maintain a constant hardness (Fig. 5). Hence, it is immediately evi~ 

dent that the remote elastic field must change in accord with St. 

Venant's principle. Presumably, a near field shaoP dependence ~anal­

so be expected. It is expedient, therefore, to calculate bounds on 

the peak load stress field. One bound is provided by the hemispheri­

cal cavity solution. The other is given by superimposing onto the re­

sidual field the stress field for a half space subject to a force act~ 

ing a1: the indentation center (Fig. 5). The magnitude of the force i:: 

selected to coincide with that pertinent to the Vickers indenter. 
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3.2 The Indentation Stress Field 

The general form of the stress analysis provides a basis for exam-

ining those specific features that relate to the hardness, yield 

strength, and the incidence of fracture. The two constituents of the 

indentation stress field are the initial field, provided by the cavity 

expansion solution, and the free surface modification. 

The radial ar and tangential at stresses vJithin the initial 

field are given, 15 during load application by; 

p 

~p 9, 
ut 3[tn(r/a) + l/2] - 1 

p - 1 + 3tns 

e_Q 
3 ar 

p 
(r/a) (1 + 3tns) 

(rIa >S ) 

e£ 3 ct 
-p 2(r/a) (1 + 3£ns) 

( 4) 

where the superscripts p and e indicate the plastic and elastic re-

gions, respectively, and r is distance from the cavity center. The 

equivalent stresses after load removal are; 
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rp.t 
or [3M (r/a)] 1 + 1 ---p 1 + 3 9,n ( s ) - (r/a) 

(s>r/a>1) 

rpQ, 
at 3[£n(r/a) + 1/2] - 1 - 1 - :::: 1 + 32-ns p 2(r/a) 

reQ, 

[1 -- 1 / ~tnB] or 1 
= p (r/a) 

rex. 
83 

1] 
at 1 [1 - ::;: 

+ 39,ns p 2(r/a) 

(rIa >S ) 

( 5) 

where or refers to the residual field, 

The stresses as created by the surface forces have the general 

form; 

s j 
amm f at - = dA- g 
P plastic P mm 

k 

1 °t 
+ dA- g 

. 1 t. P mm e as 1 c 
( 6) 

where j = p£, k =ex_ at peak load, and j ~ rpQ,, k = re for the resid­

ual field, mm xx, .. xz or zz, (the stress distribution· in cartesian 

coordinates) or r, t, ¢, (in spherical coordinates) and gmm are the 

point force functions summarized in the Appendix II. The final 

stresses are obtained by the superposition of Eq. (6) and Eq, (4) or 

( 5)' 

The stresses at the peak load condition deduced by this procedure 

represent an up~er bound, for the radial crack system, as noted ahove.* 

* (For the median crack system, this represents the lower bound peak 
load stresses.) 
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Lower bound peak load stresses can be obtained by superimposing onto 

the residual field the stresses that derive from a point force applied 

at the center of the indentation. 

omm 
p 

3.2.1 The Modified Pressure and Yield Stren h 

(7) 

The radial and tangential stresses induced within the plastic zone 

by the surface forces result in a pressure modification, which estab-

lishes the hardness H of the material, and in a shear stress modifica-

tion, which. dictates the effective yield strength, Y'. The stresses 

that effect these modifications are o~ and:::~ v1hich are giv-

en by Eq. (6), evaluated at peak load condition, with mm = r or¢. 

Taking v=0.25, the variations of H/p along the cavity interface 

are plotted in Fig. 6 for several values of s. The relative uniform-

ity of H/p for each s indicates that the requisite constant pressure 

boundary condition along the indentation interface is satisfied. The 

indentation pressure can now be directly related to the cavity pres­

sure p, by superpos{tion:* 

( 8) 

The effective yield strength of the material at any location in 

the plastic zone is given by: 

* (When the specimen is fully unloaded, of and mare replaced by 
o~s and mr, respectively. The variations of m and mr with 
s are plotted in Fig. 8.) 



15 

(9a) 

or 9 expressed in normalised form; 

(Y/p) + s/p 
(9b) 

where a¢ is that component of the tangential stress normal to the 

angle¢ (Fig. 5). The yield strengths at the indentation interface 

and at the elastic/plastic boundary are plotted for several s in 

Fig. 7. It is noted that reasonable uniformity of Y' is retained 

around each of these contours; although significant fluctuations begin 

to develop at the larger values of s. Within the uncertainty associ-

ated with these fluctuations, the magnitude of y• is essentially the 

same at the elastic/plastic boundary and at the indentation interface; 

and similar to the original value of the yield strength, Y. No sig-

nificant change in the yield strength can thus be attributed to the 

creation of the free 511rface. This relative maintenance of yield 

strength uniformity probably accounts for the observed hemispherical 

symmetry of the plastic zone. 

The modified ratio of indentation pressure to yield strength thus 

becomes H/Y, and replaces p/Y for all subsequent analyses. The lower 

indentation pressure reflects the reduction in constraint induced by 

the free surface, as anticipated from the indentation plasticity meas-

urements (Figs. 2,3). The modified pressure can be used to reevaluate 

the relationship between the indentation characteristics, H and s, and 

the elastic and plastic properties~ E andY, of the material. These 
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revised curves are plotted on Figs. 2 and 3. A good correlation with 

the experimental results is apparent. Some justification for the free 

surface modification deduced by the present analysis is thus estab-

lished. It is also noted that the present analysis has, for the first 

time, permitted consistent relationships to be established between~ 

of the indentation variables: the pressure, yield strength, elastic 

modulus and plastic zone dimensions. 

3.2.2 e Stress Field 

The general form of the stress field is axisymmetric, but rela-

tively complex. The results presented in this section thus emphasize 

only the components of the stress field end the spatial locations that 

relate to the formation of the three dominant crack systems (see 

Fig. 9): radial cracking (created by the oyy stress near the free 

surface and the elastic/plastic boundary), median cracking (dictated 

by the oyy stress near the base of the plastic zone), and lateral 

fracture (dominated by the azz stress in the same general vicinity). 

The stresses are deduced from the general equations (as detailed in 

the Appendix II) both at peak load and in e fully unloaded condi-

tions, for several values of s. 

a. The Radial tern 

The constituents of the surface tangential stresses, a , de-
YY 

rived from the original spherical cavity solution and the modifica-

tions afforded by the surface forces are compared in Fig. 10. It is 

observed that the modification becomes more dominant as the relative 

plastic zone sizes increases. Also, as expected, the modified stress 
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becomes negligibly remote from the plastic zone. However, the most 

significant influence of the modification is the enhancement of the 

peak tension at the elastic/plastic boundary. Also plotted in Fig. 10 

are the stresses created by a point force located at the indentation 

center, used as a constituent of the lower bound stress at peak load. 

This illustrates both the compressive character of the stresses and 

their appreciable magnitude in the vicinity of the elastic/plastic 

boundary (especially for the small plastic zone dimension). 

The trends in the resultant stress with s are illustrated in 

Fig. 13. The peak value of th~ relative stress a /H diminishes yy 

slightly a~ B increases, whereas the scale of the stress field exhib-

its a substantial increase. It should be noted that in the original 

cavity model, the residual tensile stresses are always smaller than 

the peak load stresses (see Fig. 12). However, the residual tensile 

stresses, under the present modified cavity model, are generally just 

in excess of the upper bound tensions, at the peak load. In addition, 

the equivalent lower bound solution indicates that the tensile 

stresses at the peak load are further suppressed by indenters wHh 

shallow cone angles (particulary for materials with small relative 

plastic zone dimensions). The implication of large residual stresses 

compared to peak load stresses suggests that radial crack will 

propagate under residual stress field, which is in accord with the 

experimental observations. This is justified in Sec. 4.3.a. 
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The gradient of stress from the surface into the interior of the 

specimens is also of substantial interest.* The stress, plotted in 

Fig, 13, is observed to decrease quite rapidly with distance from the 

surface, particularly for small s. 

b. The Median tern 

The components of cryy stresses pertinent to median fracture at 

peak load are plotted in Fig. 14. It is noted that the stresses ere~ 

ated by a point force located at the indentation center are larger 

than the stresses created by surface force modifications. The trends 

in the resultant cr stress (Fia. 15) are similar to those obtained n ~ 

for the radial fracture problem. But, in this instance, the peak load 

tensile stresses exceed the residual stresses. Also, the peak load 

stresses are higher for a point force modification contrary to the ra~ 

dial fracture situations. Note that the peak values of the tension 

are appreciably smaller than the equivalent tangential tensile 

stresses near the surface for large G values. The stress decreases 

with distance from the axis (Fig. 16) but the gradient is relatively 

small, especially for larger values of s. 

c. The Lateral tern 

The magnitudes of the crzz stresses at various axial locations 

are plotted in Fig. 17 for s = 2.2. It is also apparent that the max-

imum tensions occur at a distance beneath the surface of -s/2. The 

trends in the stress with s along the planes of maximum tension are 

* The surface stress is subject to error when determined by numer:cal 
integration. However, the level of the surface stress needed to ob­
tain an accurate assessment of the stress gradient can be determined 
analytically~ as detailed in the.Appendix II. 
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illustrated in Fig. 18. Again a decrease in the relative peak tension 

with increases in B is evident. However, in this case, the residual 

tension is appreciably 1arger than the upper bound tension at the peak 

load, obtained from the surface force modification, indicating a 

greater tendency for the development of tension during unloading than 

encountered with the radial system. 
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4. IDENTATION FRACTURE 

4.1 Crack Propagation 

The extension of well developed radial/median cracks has been ex-

amined in detail in a recent analysis, based upon the magnitude of the 

effective residual 'force' exerted by the plastic zone on the surround­

ing elastic material. 9 This analysis yields a relation for the 

crack length that depends upon the relative magnitude 8 of the plastic 

zone. The original choice of 8 \vas a tentative one based on Hill's 17 

spherical cavity solution, 8 - (E/H) 112, and gave a crack length re-

lation 

Kc (E)l/Z 3/2 
-- \H == 0.028 Calc) (10) 

H Ia 

where the numerical quantity is calibrated from experimental results 

or glass. A more pertinent relation between 8 and material properties 

can be derived from the correlation presented in Fig. 2. Using 

8 - (E/H) 2/ 5 appropriate to this figure, Eq. (10) becomes 

Kc (H) 3/5 3/2 
- 0. 021 (a c) _E 

HI a 
( 11) 

a 
The data from Lawn, Evans and MarshallJ are plotted according to 

Eq. (11) in Fig. 19. This plot shows an improved correlation, thus 

further substantiating the merits of this approach for establishing 

the extension of well developed radial cracks. 
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4.2 Fracture Initiation 

4.2.1 Observations 

The fracture initiation process at indentations is subject to ap-

preciable complexity. The initiation sequence frequently involves two 

stages; nucleation of small microcracks) followed by the extension of 

those microcracks suitably located in the general indentation stress 

field.lO,ll The nucleation stage may involve microcracking of re-

gions of large localized stress concentration; microcracks have been 

identified at grain boundaries in polycrystals (presumably at disloca-

tion pile-ups)) at slip band intersections in single crystals) and at 

shear band intersections in glasses. 34 Alternatively, pre-existing 

microcracks may serve as suitable crack nuclei. However) the nuclea-

tion phase is not expected to be the critical phase, because non-prop-

agating microcracks are usually observed. The significant step in 

fracture initiation is thus considered to be the activation of the 

microcracks by the general indentation field. 11 

The activation of microcracks by the indentation field is neces-

sarily statistical in nature (particularly if pre-existing microcracks 

act as nuclei). However, it has been noteo that the characteristic 

behavior of cracks within stress fields of rapid spatial variation 

(typical of indentation) permits the definition of an absolute frac­

ture initiation minimum load. 9 Indentation fracture thresholds must 

exceed the absolute minimum, Pmin' by an amJunt that depends on the 

probabilistic consideration of microcrack location, size and oriEnta-

tion; large numbers of indentations would allow the lowest initiation 

load to approach P . • The minimum threshold is therefore a useful m1n 
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parameter for establishing initiation trends in processes that involve 

multiple indentations (e.g., erosion, abrasive wear, machining damage). 

The minimum force required to initiate cracks has been studied for 

a range of materials (see Table VII by Lankford and Davidson, 35 ). 

Acoustic emission measurements performed during indentation, coupled 

with direct observations after indentation (usi~g a Vickers Pyramid) 

suggested that radial cracks were the first to initiate, and that ini~ 

tiation occurred during loading. Direct observations during initia­

tion of soda-lime glass (using an inverted optical microscope and dry 

nitrogen experiment, by Marshall and Lawn, 8 also indicated that the 

minimum threshold (SN) pertained to radial crack nucleation, but the 

cracks formed while unloading (Table VII), and in a continuous loading 

stage, median cracks formed first at lOON load). Since radial cracks 

always appear to exhibit the lowest threshold, pre-existing surface 

cracks may be an important source of nuclei. This possibility is in­

vestigated in more detail later in this section. 

4.2.2 Anal is 

The prediction of the minimum threshold involves the systematic 

estimation of stress intensity factors, k, for cracks of various pro­

files, centered at different locations, in order to obtain the shape 

and location that yields the maximum peak value for K. Such a system­

atic study has not yet been conducted. Instead, it is firstly assumed 

that a crack centered on the elastic/plastic boundary will experience th~ 

largest K, because this is the contour of maximum tension within the 

indentation field. Then, for simplicity, the crack is considered to 

exhibit circular symmetry, as suggested by the crack profiles observed 
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after initiation. Thereafter, the stress intersity factors can be de-

duced from the stress field by a superposition ~~thad. The stress 

fields of the pertinent locations for median, radial and lateral frac-

ture initiation are not generally axisymmetric, so the computed stress 

intensity factors would vary around the crack front. A convenient 

simplification that yields a uniform crack front K is adopted. This 

averts appreciable calculational complexity without detracting signif-

icantly from the prediction of behavioral trends. The procedure con-

sists of the determination of an effective axisymmetric stress aeff 

at each radial location, assumed to be equal to the stress (at that 

location) averaged over the full angular range, 0 to 2TI. The stress 

intensity factor can then be derived from the superposition solution; 

(12) 

The effective stress normalized by the hardness, can be adequately 

represented by a polynomial 

( 13) 

where the parameters a
0

, a1 (both positive) and a2 (either 

positive or negative) are dependent on the relative plastic zone size 

s. Representative values of a
0

, a1, and a2 for materials with 

several different s values are shown in Table II. Insertion of 

Eq. (13) into Eq. (12), followed by integration yields the result: 
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K I ( H /a:) = f ( o ) 

(14) 

where o = c/a. This relation exhibits a peak, f(o*), in the stress 

intensity factor (when dK/dc = 0). This peak coincides with a s cif-

ic relative crack length, given by (neglecting coefficients a , with 
n 

n~J) 

(15) 

The values of o* and f(o*) for a range of s values at either loading 

or unloading conditions are given in Table III, IV, and V. A minimum 

threshold occurs when the peak value of K attains Kc. The crack 

length at the minimum threshold is 

c* = c* a . = o*[KIC/H f(o*)] 2 
m1n 

and the threshold load for a Vickers pyramidal indenter becomes 

(16) 

(17) 

The results summarized in Eqs. (16) and (17) reduce to the Lawn 

and Evans 11 result when a2 is set to zero. It is also noted that 

the other difference between the Lawn and Evans study and the present 

analysis is that the former used only order-of-magnitude estimates of 

a
0 

and a1 which are based on the unmodified spherical cavity solu­

tion. 
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4.2.3 Results 

The predicted threshold crack lengths are the threshold loads for 

three crack systems at either loading* or unloading conditions are 

given in Table III, IV, and V. Based on these results, it can be 

found that the trends in the threshold with material toughness and 

hardness are thus essentially the same as those elucidated in the ear-

lier study, except that an additional influence of E/H emerges through 

the influence of the relative plastic zone size s. This additional 

influence is illustrated in Fig. 20 for the median and the radial sys-

terns. It is noted that the minimum normalized threshold load de-

creases as s increases, causing a relative diminution of the threshold 

as the extent of plasticity increases. The same trend can also be 

found in the lateral system. 

The minimum threshold loads for the three crack types (radial, me-

dian, lateral), predicted for materials with a range of B values, are 

sh~n in Table VI. The calculations are referred to the Vickers geom­

etry. Radial cracks exhibit the lowest thresholds and lateral cracks 

the largest. The median cracks invariably exhibit their lower thresh-

old during loading; while the lateral crack threshold always prevails 

during the unloading cycle. The occurrence of the radial crack thres­

hold depends upon the indentation geometry. For those configurations 

that yield to the upper bound stress field, the threshold could occur 

* The predicted loading threshold values are based on the upper bound 
loading stresses for the radial cracks and the lower bound stresses 
for the median cracks. 
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ouring loading or unloading, by virtue of the similarity in the thres-

hold condition. However, shallow indentation geometries, which are 

best represented by the lower bound stress, favor radial crack forma-

tion during unloading. This situation is particularly significant in 

solids with small s values such as glass. Observations of indentation 

on glass by Lawn and Marshall 8 confirm the above statement. 

a) Radial Crack Initiation 

Observed radial crack threshold conditions are compared with pre-

dictions in Table VII. Good agreement is shown forGe, Si, Al 2o3 
and ZnS. The observed threshold for NaCl appears to be lower than 

predicted. However, as noted by Lankford and Davidson, 35 the NaCl 

threshold is sensitive to crystallographic orientation; the lower val-

ue listed in Table VII corresponds to cracks parallel to <110>. Radi­

al cracks that form along the cleavage plane (001) could not be nucle-

ated in other orientations, within the available range (60N). The 

<110> cracks in NaCl (and other ionic solids) are coincident with the 

primary slip bands that occur outside the generalized plastic zone. 

The cracks result from an enhancement of the local stress by the 

stress field of the dislocations, and a threshold appreciably smaller 

than that associated with the generalized deformation is to be antici~ 

pated. 

The observed thresholds for glass are an order of magnitude higher 

than preaicted. This observation suggests that the precursor flaw. 
~ 

density is too small to permit an appreciable sampling of flaws of the 

requisite size, at the minimum threshold load. Elevation of the ob-

served threshold above the absolute minimum is not generally observed 
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and hence, its occurrence in glass requires an explanation. A plausi-

ble interpretation emerges when the radial crack precursors are con-

sidered to be pre-existent surface located microcracks. Then, sur-

faces prepared by mechanical procedures are likely to exhibit high 

density of surface cracks and the absolute minimum threshold should be 

closely approached. This condition pertains for the tests. performed 

on Si, Ge, ZnS and Al 2o3. However, for surfaces prepared without 

deliberate mechanical interaction (such as glass surfaces) appreciably 

lower surface crack densities might be expected, and some elevation 

above absolute minimum might be anticipated. The excess threshold 

load can be quantified (in terms of the availability of pre-existing 

nucleating flaws) by adapting some existing statistical data for sur­

face flaws in glass. 36 The statistical analysis firstly invokes 

the characteristic variation in stress intensity factor with crack 

length in order to determine the pre-existing crack radius c. 
1 

(Fig. 21). Inspection of the trends in stress intensity factor indi-

cates a rapid increase on Kat small flaw lengths (up to the maximum). 

Relatively small deviations of the pre-existing flaw size below c* 

would thus substantially elevate the observed threshold, in qualita-

tive accord with the observation for glass. The radius of the pre-ex-

isting radial crack nucleus, ci, can be directly deduced from the K 

curve by superimposing the ratio of the measured final radial crack 

length, cf' and the indentation diagonal, 2af, as indicated on 

Fig. 23. The flaw radius pertinent to samples tested in air (cf = 17 
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at af = lOlJm) is determined to be ci = 0.5wm, i.e., -c*/2. The 

probability of locating flaws of this magnitude within the indentation 

field at the threshold load can now be estimated from the surface flaw 

density data. The flaw density data are described in terms of the 

quantity g(S)dS, which is the number of surface flaws in unit area 

with a strength between S and S + dS. An approximate linear fit to 

the density function, obtained from Ref. 36, gives; 

log[g(s)] = 2.9(5/S ) - 2.4 max 

8 where Smax = 8.7 x 10 Pa. The number of surface flaws with a 

strength S existing in an area 6A (6A 2 
rr(r~ 

C. 

? 
r~)) is thus: 

J_ 

The strength of a surface flaw is related to its radius by; 

The number of flaws with radius >c in the area A is thus; 

G (c) 

K 
0.71_£ 

/C.-
g(S)dS 

( 18) 

( 19) 

( c ) 

(21) 
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At the observed threshold load (SN) the area of surface subject to 

significant residual tension is 3 x 10-9m2.* The expected number 

of flaws in the tensile zone (at initiation) with a size >0.5~m thus 

becomes -O.l. This is sufficiently close to the required value of un­

ity (considering the approximate nature of the flaw statistics, the 

tensile area sampled and the unknown relative influences of subcriti­

cal crack growth in the air environment) that the statistical descrip­

tion is considered to provide a reasonable interpretative description 

of the excess thresh old 1 oad. 

Finally, the predicted radial crack thresholds for some polycrys­

talline materials are shown in Table VIII. It is noted that, because 

the threshold crack dimension for most of the materials is approxi­

mately equal to, or smaller than, the grain size, single crystal ma­

terial properties (H, E and Kc) would normally provide a more appro­

priate basis for prediction. The sensitivity to the choice of ma­

terial parameters is illustrated by comparing the predictions for 

Al 2o3 in Table VII (based on single crystal material properties) 

and Table VIII (based on polycrystal material properties). The 

prediction in Table IV represents an order-of-magnitude overestimate 

of the observed threshold. A similar overestimate is apparently 

obtained for SiC, since the predictions in Table VIII exceed the 

experimental measurements (Lankford and Davidson) 35 by a factor of· 

*The area is estimated by taking r1 = 2a and r 2 = 4a. 
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-10 (p* = O.lN, c* = l.Owm). Hence, a more pertinent prediction of 

the threshold cannot be performed at the juncture. 

b) Median Crack Initiation 

It was discussed in Section 4.2.3 that radial crack may initiate 

either during loading or unloading conditions, depending on the inden-

tation geometry. In the median crack system, it was shown. in Fig. 17 

that the loading stresses, regardless of the indenter geometry, are 

always higher than the unloading stresses. Hence, median cracks al-

ways initiate during loading as confirmed by experimental observa-

tions. In addition, when shallow indentation geometry is favored for 

indentation on very brittle solids, i.e., small 8 values, the stress 

needed to initiate median cracks during loading are higher than the 

stress needed to initiate radial cracks during unloading, indicating 

that the median cracks will initiate first during loading. 

This was confirmed by the experimental observation on glass. When 

the load was increased to lOON during loading, median cracks were found 

to initiate first with no indication of radial crack formation. How-

ever, the statistical analysis is again anticipated to account for the 

big difference in terms of threshold load prediction (see Table IV) and 

the experimental observations. In addition, because the flaw density 

of the glass is less inside the bulk material than on the surface;t 

ass surface is easily subjected to damage by handling or en­
v~ronmc:r1tal effect. 
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a higher load is expected for median crac~ formation than for radial 

crack formation. Hence, the prediction can become meaningful only if 

the flaw density distribution is. also considered. 

c) Lateral Crack Initiation 

The results in Table V indicated that lateral cracks always initi-

ate first during the unloading cycle. The considerable load needed to 

initiate lateral cracks ensures that these cracks are the last to in-

itiate among the three crack types. The predicted threshold results 

also indicated that lateral cracks may not initiate from the bottom of 

the plastic zone, contrary to the general expectations. Observations 

of indentations on Si and ZnS supported the prediction that lateral 

cracks were found away from the bottom of the plastic zone. However, 

these were also observations indicating that lateral cracks were found 

consistently to initiate from the bottom of the plastic zone, e.g., in 

soda lime glass. Explanation of the observation requires further ana-

lysis. 

There are several reasons to account for this discrepancy. First, 

the present analysis is based on mode I crack formation only. At the 

bottom of the plastic zone, a lateral crack experiences triaxial 

stresses where the stresses along the other two orthogonal directions 

are much higher than a stress used for mode I crack initiation. zz 
Under a triaxal stress state, the threshold load and the threshold 

crack length reduce significantly. Secondly, since the median crac~s 

initiate at a much lm1er load than the lateral cracks, they can, ir; 

turn, act as a source to nucleate the lateral cracks. This is also 

supported by the observation showing the median crack may deflect its 
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direction to become a lateral crack. Thirdly, lateral cracks general­

ly follow the principal stress trajectory in uncracked solid, thus 

either propagating toward or away from the surface. This non-planar 

effect further complicates the problem. A comprehensive analysis 

considering all these effects are the subject for future studies. 
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5. CONCLUSIONS 

Indentation plasticity has been examined by adapting the notions 

that the volume of the plastic zone and the work of plastic penetra­

tion are both dictated by indentation volume. The indentation problem 

can then be solved by reference to a common hemispherical indentation 

geometry. This geometry is related to the pressurized cavity problem 

solved by Hill, modified to account for the reduced constraint in the 

presence of the free surface. A simple hemispherical modification of 

the Hill solution has been developed which indicates the essential re­

lationships between indentation plasticity and the dominant material 

properties: notably, yield strength, hardness, elastic modulus and 

Poisson's ratio. Predictions of the plastic zone dimension in terms 

of the hardness and elastic modulus have been shown to correlate with 

experimental observations for a wide range of materials. Similarly, 

predictions of the trend in the yield strength/hardness ratio with the 

elastic modulus and hardness correspond closely to the trends demon­

strated by the available experimental data. 

The concept has also been used to calculate the tensile stress 

fields generated around indentations, as a basis for predicting the 

initiation of indentation fractures. The presence of the free surface 

allows tensile stresses to be developed, during loading or while un­

loading, that are qualitatively consistent with observations of the 

three principal crack types: radial, median and lateral. The stress 

fields have been used to predict fracture initiation thresholds fo~ 

the three crack systems. The radial cracks were anticipated to exhib­

it the lowest threshold loads, as observed experimentally. Comparison 
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of the predicted radial crack threshold loads with experimental re­

sults indicate satisfactory correlations for surfaces containing a 

sufficient density of pre-existent crack initiation sites. This con­

dition was not satisfied for glass surfaces and the experimentally ob­

served threshold was appreciably in excess of the prediction. The ex­

cess threshold was rationalized by invoking the weakest link flaw sta­

tistics concepts, using data obtained for comparable glass surfaces. 

The median cracks were found to initiate first during loading, the 

lateral cracks were the last to initiate during unloading. All these 

predictions are consistent with the experimental observations. 



FUTURE vJORK 

The complexity of the elastic/plastic deformation has been demon-

strated throughout the above studies. Although the present approach 

successfully addressed several important issues in the area of inden-

tation plasticity and indentation fracture, there is still a definite 

need to expend effort in the following areas: 

a) The spherical cavity solution used in this study does not al-

low the consideration of work hardening. However, most materials, in-

eluding ceramics, exhibit work hardening. Further work should adapt a 

superior spherical cavity model that includes work hardening. 

b) The present computer program, using Simpson's equation to cal-

culate the double integral, is not very accurate when the free surface 

effects on the yield strength, and on the stresses near the surface 

are concerned. It appears that a finite element scheme is necessary 

in order to address this problem. 

c) In the fracture initiation studies, the crack shape and the 

crack position has been chosen in advance to construct the stress in-

tensity factor. A more realistic approach should allow these parame-

ters to vary independently. 

d) When the fracture initiation threshold is studied, the grain 

size effect, orientation influence, and the flaw density distribution 

should be carefully examined before making prediction. 

e) The problem associated with the lateral crack initiation. t.e., 

a triaxial stress state, effect of the preexisting median crack, :;,nc 

the non-planar nature of the lateral crack, should be addressed in or-

der to make reasonable predictions .. 
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f) The present approach treated the crack initiation and propaga­

tion separately. The ultimate goal in the future studies is to extend 

the crack initiation analysis to crack propagation. 
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APP EfW IX 

The Relationship Between a and a Under 
Equ1valent Volume Condition 

The transformation of the indentation volume for a specific inden~ 

ter to a reference hemispherical geometry is given as follows for 

three different indenters: 

A. Pyramidal Indenter (Fig. 22a) 

The volume of a pyramid VP is given by: 

1 -2 
V ( 2 ~ ) p = 3 - . z 

li 
(A-1) 

vJhere z =a cot'¥ 

Combining (A-1) and (A-2) 

For equivalent hemispherical volume, Vh, ~ith radius a: 

2 3 2 -3 
3 na = 3 a cot'¥ (A-4) 

The relationship between a and a then reduces to: 

For Vikers indenter, '¥ = 74 o, and a = 0.45a, 
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B. Conical Indenter (Fig •. 22b) 

The volume of a conical indenter is given by: 

1 ~2 
V c = 3 'ITa • z 

-where z = a cot'¥ (A~7) 

The relationship between a and a is given, combining (A-6), (A~7) 

and 1 e t V h = V c, by 

- (' c 0 t '¥\ 1 /3 a = a - 2-} 
,, I 

C. Brinell Indenter (Fig. 22c) 

(A-8) 

The indentation volume; V
5

, for a spherical indenter is given by: 

( A-9) 

where R is the radius of the spherical indenter, a.- is the radius of 

the resulting impression, and S
0 

is the solid angle, S
0 

can be 

further expressed as: 

2TIRS in'¥ d'¥ 
2 = 2'IT (1-COS'¥) 

R 
(A-10) 

T~e relationship between a and is given, combining (A-9), (A-10), 

an d 1 e t V s "' V a, by: 
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r 1 

a = R l1 -~cos'¥+} cos
3 

'¥ J 112 (A-ll) 

h I 2 -2 w ere co:; 1J1 = R - a I R ( A-12) 
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APPENDIX II 

Detailed E essions for Indentation Stress Field Determination 

I, The Point Force Solution 

A semi~infinite elastic homogenous solid is considered to be 

bounded by the plane z = 0, the positive z axis penetrating into the 

body, For a point force p applied at point (0,0,0) and acting in the 

positive z direction, the stress distribution at a point (x,y,z) in­

side the semi-infinite body has bee~ determined by Mindlin33 , The 

solutions are; 

(J zz 

(J xz 

g = _z l- 1 - 2\) - 3(:t)2 
yy 2nR3 R 

2 5 3xz /2 nR 

1-2\) 
(R+z) 

1-2v 
(R+z) 

(R1 
2 +.B_ (R

2 
• 2/ ;)j ~ X z 

(~2 - i + .B_ (R
2 
-2/) J] z 



41 

here R2 = x2 
+ y 2 + z2 and v is Poisson's ratio. 

In terms of spherical coordinates (r,t,¢), for simplicity, let the 

point (x,y,z) lie on the xz plane, (i.e., set y = 0), then: 

gr = gxxcos2¢ + g sin 2¢ + 2g sin¢ cos¢ zz xz 

gt g sin 2¢ 
XX + g

2
zcos 2¢ + 2gxzsin¢ cos¢ 

g¢ ::: a 
~yy 

II. The Stress Relation for the Three Crack tems 

1. The Radial tem 

The components of the c YY stress, along the surface (i;;=O) perti~ 

nent to radial fracture, are given at peak load, for the upper bound, 

by* (i;; =0); 

a~~ 1 [3Q.nrt + 3/2 _ 1] -H- = (1 ~m ) 1 + 32. n B 

( Bl) 

where rt = x/a 

( 8~2) 

*The greek letters represent distances normalized with respect to the 
cavity radius a (Fig. 23). 



v,:here 

v ~sinG 

At peak load, for the lower bound; 

s 
0 yy -(l-2v) 
-H- "" (1-m )r62 

At full unload (~= 0) 
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(B-3) 

(B-4) 

where m is the term that permits creation of a stress free indenta­
r 

tion surface (Fig. 8) as obtained by an iteration technique. 

2. The Median tem 

The components of the ayy stress pertinent to the median frac-

ture problem are not very different from the a stress relevant tJ yy 
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radial fracture. At peak load cP£;H and oe£/H bear the same for as yy yy 

Eq. (Bl), except that n is replaced by ~ (the median crack propagates 

along the plane 0= 0), and a
5 /His the same 
YY 

as Eq. (B-2), except that 

/ becomes 2 F;,2 + 1;,2. In addition, Eq. (B-2) in the median system y = 

represents the lower bound loading stress while Eq. (B-3) represents the 

upper bound. At full unload, the same change should be made, i.e., 

replaced by z;;, in Eq. (84). 

3. The Lateral tem 

The components of the azz stress that pertain to the lateral 

fracture problem are, at peak load, for the upper bound; 

(B-5) 

c;z/H exhibits the same form as Eq. (B-2) except that gyy is replaced 

by g , where g ~-3~ 3 /2na2 r 5 and~= z/a. zz zz 
At peak load, for the lower bound, 

(B-6) 

At full un 1 oad 
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(B~7) 

III. Anal ic Solution for the Surface Stresses 

At full load, the modification to the tangential stress on the 

surface (responsible for radial cracking) created by the free surface 

is; 

s s 1T 

cr yy 2 I J 
-H = (1-m) 

1 0 

\>Jhen z;; = 0, 

Substituting Eq. (B-9) into Eq. (B-8) the stress becomes: 

s 
0

yy (l-2v) 
-H-"' '[f(l-m) 

where 

eQ 
cr 

(B-8) 

0) 
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{ 
1T 2 2 

1T 2 2 2 . 2 2 (~ > ~ ) 

A "" Ia 
~ + £l - 2s;zcosg - 2s; ~ de = 

(~2 + ~2 - 2~Q,cosg) 2 2 2 
0 ( ~ > ~ ) 

if ~ < 13 

( B-11) 

if ~ > 6 

cr~Y (l-2v) l 1 [3s£ns- 1/26 + 3/2-
83

2]- (s-1) ] (B-12) 
-H- == ( 1-m) J 1 + 3 m 6 4~ 

At full unload, if D < s 

cr~Hy = (1-2v) ! 3 [~£nJ _ (1/2) -l)] + 
1-:r( ~- 1 )j (B-13) 

( 1-m) D2 1 +3 Q,ns \<~ 1 

if ~ > s 
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Table I. Normalized Plastic Zone Size (B) and Material Properties 

Materials Kic H E s s 

MPa IITi GPa GPa theory experiment 

Soda lime glass( 1) .75 5.5 70 2.3 2.2(1) 

Ge( 2) .5 9 140 2 ,'5 

s c( 4) 
4 6.0 32.2 500 2.5 

Al 0 (s.c.)(5) 
2 3 2.2 23 400 2.5 

Al 0 +42v/o ZrO (3) 2 3 ' 2 6.5 15 264 2.6 2.5( 3) 

Zr0
2

(PSZ)( 4) 6.9 11.4 170 2.6 

51 (s.c.)(1) . 7 9 168 2.65 

SiC(h.p.)( 4) 4.0 19.3 420 2.8 

Si 3N4(h.p. )(4) 4.9 14.1 320 2.8 

MgO(S) 1.2 9.3 
( 6 ~ \ 

240 1 Cl} 3.0 

MgF ( 6) 
2 0.9 5.8 140( 6b) 3.0 

Al 0 (h.p. )(S) 
2 3 4.1 12.0 393(Sc) 3.0 

ZnS( 1) 1.0 1.9 103 4.0 3.0(1) 

ZnS ( 7) 1.0 3.8(7a) 103 3.1 2.65(?a) 

ZnSe( 4) .9 1.0 68 4.4 



Table I. (Continued) 

Cold rolled steel(S) 

NaCl( 6) .4 

Hot rolled brass(S) 

(s.c) = single crystal 

1) Lawn~ Evans and Marshall (9) 
2) Lankford and Davids on ( 34) 
2a) Jaccodine (37) 
3 Burlingame (24) 
4 Evans ( 30) 
5 Evans and vlilshaw (10) 
6 Lawn and Evans (11) 

50 

3.4 200 4.6 

.24 43(6a) 6.3 

.47 110 7.0 

(h.p) =hot pressed 

6a Lawn and Wilshaw (38) 
6 b R a i and fv1 an g h nan i ( 3 9 ) 
6c Freiman, Mickinney and Smith (40) 
7) Dynamic Impact, estimated value (2) 
7a) Computer simulated result Evans (30) 
8) Mulhearn (13) 
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Tcble II. Numerical Constants from Polynominal Curve Fitting 

RADIAL SYSTE~i 

PEAK LOAD RESIDUAL 

s ao al a2 ao al a2 

2.2 .18 .19 -.028 .17 .23 .007 
2.5 .17 .19 ~.031 .17 .18 -.006 
2.65 .17 .14 -. 012 .17 .12 -.005 
2.8 .17 '15 .003 .17 .14 -.018 
3.0 '17 .13 -.004 .17 .11 -.026 
3.3 .16 .11 -.005 .17 .10 -.018 
4.0 .16 .08 -.007 .16 .07 ~.014 
4.4 .15 .06 -.007 .15 .05 -. 013 
7.0 .14 .03 -.002 .14 .03 ~.003 

MEDIAN SYSTE~1 

PEAK LOAD RESIDUAL 

ao al a2 ao a1 a2 

2.2 .15 .12 -.08 .12 .10 -.13 
2.5 '14 .. 12 -.03 .11 .07 -:10 
2.65 .14 .11 -.03 .12 .10 -.05 
2.8 .13 .10 -.02 .12 .10 -.03 
3.0 .13 .09 -. 02 .11 .05 -.06 
3.3 .12 .07 -.02 .11 .07 -.02 
4.0 .11 .05 -.01 .10 . 05 -.01 
4.4 '10 .05 -.009 '10 '04 -.01 
7.0 .09 .02 -.004 '09 .03 -.003 



Table II ( Con t i n u ed ) 

LATERAL SYSTEM 

PEAK LOAD RESIDUAL 

=2.2 ao a1 a2 ao a1 a2 

0.6 .075 -.088 -.03 .10 -.10 .001 
1.0 '066 -.11 -.015 '12 -.12 -.001 
2.2 .02 -.01 -.007 

\:=2.8 
~ 
1.0 .078 -.086 -.003 .10 -.06 -.02 

\ 
z: \8=4.0 

2.0 .07 -.04 -.007 .085 -.038 -.004 
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Table III. Radial Crack Initiation Threshold Prediction 

MATERIAL LOADING t o* f(o*) C* P* 
CONDIT I ON (llm) ( N) 

2.2 glass p .37 .084 .98 .38 
R . 32 .073 1.1 .65 

2.5 Ge(s.c) p .41 .081 .. 16 .014 
R . 39 .078 .16 .016 

2.5 B4C p .41 .081 2.2 8.8 
R . 39 . 078 2.2 10 

2.5 Al203(s.c.) p .41 .081 .57 .44 
R . 39 .078 .58 . 51 

2.6 PSZ p .47 .088 22.0 238 
R .45 .087 22.0 253 

2.65 Si (s.c) p .48 .081 .36 .051 
R . 46 . 088 . 36 .055 

2.8 SiC p .50 .090 2.6 5.2 
R . 47 .090 2.5 5.5 

2.8 Si3N4 p .50 .090 7.3 30 
R .47 .090 7.2 32 

3.0 f•1g0 p .55 .094 1.1 .34 
R . 55 .096 1.0 . 31 

3.0 f•1gF 2 p .55 .094 1.5 .43 
R . 55 . 096 L4 .39 

3.3 Al203 p .62 .099 7.4 17 
R . 61 .10 7.0 15 

4.0 ZnS p . 79 .11 18 10 
R '81 .11 17 8.5 

6.3 NaCl p 1. 51 .14 350 130 
R 1. 54 .14 340 116 

+ 
loaci (upper bound) I ?: Peak R: Residual 
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Table IV. Median Crack Initiation Threshold Prediction 

i3 ~1ATER I AL LOADINGt 6* f(6*) C* P* 
CONDITION ( 1Jm) ( N) 

2.2 glass p o39 .074 1.3 o6 
R . 31 .052 2.1 2.6 

2.5 Ge p .43 0 071 o22 0 02 
R .39 .058 .30 . 05 

2.65 Si p .46 .072 .54 .12 
R .39 . 058 .71 .29 

2o8 SiC p .t8 0 071 4.1 14 
R .058 5.2 30 

2.8 Si 3N4 p .48 . 071 11 79 
R . 41 .058 15 170 

3.0 ~1gF2 p . 071 2.5 1.3 
R .50 .063 3o0 2.1 

3.3 Al 2o3 p .58 .071 13 62 
R . 51 .061 16 115 

4o0 ZnS p 
0 70 . 072 38 54 

R . 65 .066 42 76 

6.3 NaCl p ?/ 
·~"' 0 076 9 320 

R .0 15 0 073 940 590 

2.5 Al 2o3 (s.c.) p .43 0 071 .77 .73 
R . 39 .058 1.0 1.6 

2.5 B4C p .43 .071 2.9 l5 
$ .39 .058 4.0 33 

2.6 PSZ p o46 .072 33 580 
R .39 .058 43 1360 

3.0 t~gO p .52 0 071 1.7 1.0 
R .50 .063 2.1 1.6 

tp Peak Load ( 1 ower bound) R Residual. 
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Table v. Lateral Crack Initiation Threshold Prediction 

z;; Material Loading o* f(o*) c* P* 
(llm) ( N) 

2.2 0.6 glass p .31 .033 5.4 16 
R '41 .047 3.4 3.7 

1.0 p .23 .024 7.4 55 
R '41 .055 2.5. 2.0 

2.2 * 
R .51 .Oll 71 1040 

2.8 LO SiC p .38 .036 12 205 
R . 51 .054 7.4 41 

2.8 1.0 Si3N4 p .38 .036 35 120 
R .51 .054 21 240 

4.0 2.0 ZnS p .66 .044 96 400 
R .84 .060 65 110 

.±.. No crack will initiate at Mode I fracture. 1 
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Table VI. Radial Fracture Predictions for Polycrystalline Materials 

~'iaterial 6 Krc H E c* p* 

MPam1/2 GPa GPa ( \lm) ( ~! ) 

B4C 2.5 6.0 32.2 500 2 9 

PSZ 2.6 6.9 11.4 170 20· 240 

SiC 2.8 4.0 19 '3 420 3 5 

s i 3 ii4 2.8 4.9 l4.l 320 7 30 

f·1gF 2 3.0 .9 5.8 140 1.4 0.4 

i·~gO 3.0 1.2 9.2 240 1 0.3 

Al203 3.3 4.1 12 0 0 393 7 15 

ZnSe 4.4 .9 1.0 68 50 3.4 
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Table VII. Radial Crack Initiation Threshold 

Prediction 

Materia 1 

Glass 

Ge(s.c) 

s;(s.c) 

"l 0 (s.c) 
K 2 3 

NaCl(s.c.) 

ZnS 

2.2 

2.5 

2.65 

2.5 

6.3 

4.0 

c* 
(11m) 

1.1 

.16 

.36 

.6 

340 

17 

ll 
t 

tt 

Marshall and Lawn (7) 
Lankford and Davidson (33) 
Evans and Wilshaw (9) 

p* 
( N) 

,6 

.014** 

or:::** • v 

I~** '"-r 

120 

8** 

Exper imenta 1 
Observations 

c* p* 
(llm) ( N) 

17 Sll 

.25 .02-r 

.65 n3T ,u 

3 .25-.50 

100 15-60; 

70 6 

D 

f 
Data obtained for a single grain (grain size ZS11m) 
Crack initiates when fully unloaded. 

** Crack initiates during loading. 
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Table VIII. Relative Threshold Characteristics for Radial, Median 
and Lateral Cracks 

Crackt 
Material Type c*(llm) p*(N) 

G 1 ass 2.2 R 1 0.4 
M 1 0.6 
L 3 2.0 

SiC 2.8 R 3 5.0 
(Polycrystal) M 4 14 

L 7 40 

Si3N4 2.8 R 7 30 
(Polycrystal) r,1 12 80 

L 20 210 

ZnS 4.0 R 20 8 
(Polycrystal) ~~ 40 50 

L 65 100 

tR Radial M ~1ed ian L Lateral 
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FIGURE CAPTIONS 

Figure 1. Micrographs (on the left) and schematics (on the right) of 

indentation showing different deformation response. a) rigid/ 

plastic indentation; b) elastic/plastic indentation. 

Figure 2. The effect of the ratio of the modulus to the hardness, E/H, 

on the relative plastic zone size~ (b/a) for a .range of 

materials. Also shown are the theoretical predictions from 

the Hill solution, the Johnson analysis and the present 

analysis. 

Figure 3. The trend in the ratio of the indentation pressure to the 

yield strength with the modulus to yield strength ratio for 

a range of materials. Also shown are the predictions from 

the Hill solution, the Johnson analysis and the present 

analysis. 

Figure 4. The geometry of two indentations with equivalent indentation 

volume: a) hemispherical indentation; b) pyramidal 

indt:ntation. 

Figure 5. A schemat~c showing the analytic procedyre for creating a 

stress free surface and hence, for deforming the residual 

stress distribution: a) the general procedure; b) the 

specific procedure for the hemispherical indentation; and 

c) the upper and lower bound conditions used for calculati~g 

the stress at peak load. 
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Figure 6, The ratio of the hardness H to the spherical cavity pressure 

p around the hemispherical indentation interface for three 

values of the relative plastic zone size, e, indicating the 

relative uniformity of H/p. 

Figure 7, The ratio of the modified yield strength Y1 to the spherical 

Figure 8. 

cavity pressure p around the hemispherical indentation 

interface for three values of the relative plastic zone 

size, s, 

Free surface correction factors m and m plotted as a 
r 

function of the relative plastic zone size, 

Figure 9, A schematic showing crack patterns generated by Vickers 

indentation in a homogeneous material, a) Four radial 

cracks propagating along the indentation diagonal direction, 

b) Sectional view of the indentation; the dotted region 

represents the plastic zone created by indentation, The 

median crack coalesces with the radial crack to form a 

half-penny shaped crack, Lateral cracks propagate parallel 

to the surface, 

Figure 10. The components of the peak load tangential stress at the 

surface (z=O) pertinent to radial fracture, indicating the 

initial cavity solution, the modification induced by the 

free surface and the point force solution used to comp~te 

the upper bound peak load stress, 

Figure 11. The tangential stress at the surface pertinent to radia: 

fracture, obtained at both the peak load condition and in 

the residual condition, .for two choices of the relative 

plastic zone size, 
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Figure 13. The gradient in the near surface residual tangential stress, 

taken from the elastic/plastic boundary, surface intersec-

tion, for two choices of the relative plastic zone size. 

Figure 14. The components of the peak load tangential stress along the 

median axis (x=O) pertinent to median fracture, indicating 

the initial cavity solution, the modification induced by 

the free surface and the point force solution used to com-

pute the lower bound peak load stress. 

Figure 15. The tangential stress distribution pertinent to median 

cracks in the peak load (upper bound) and residual condi-

,tions. 

Figure 16. The gradient in the tensile stress component that dictates 

median fracture. 

Figure 17. The azz stress that determines lateral fracture at dif­

ferent depth locations for a relative plastic zone size of 

2.2 (a) at peak load and (b) the residual stress. 

Figure 18. The trends in the a stress with relative plastic zone zz 

size. 

Figure 19. A correlation of the predicted radial crack length with ex-

perimental data for well developed cracks. 

Figure 20. The variation of the predicted minimum threshold loads for 

radial and median cracking with the relative plastic zone 

size. 

Fig~re 21. The variation in the normalized stress intensity factor fer 

radial cracks with the relative crack length. 
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Figure 22, The geometry of three different indenters; a) pyramid, 

b) cone, c) sphere, 

Figure 23. The coordinate system used for stress analysis, 
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PART II 

THE APPLICATION OF INDENTATION TO ADHESION I~EASUREMENTS 
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1, INTRODUCTION 

Ll General 

The quantification of adhesion between films (or coatings) and 

substrates is an important but inadequately resolved problem, A 

meaningful method of measuring adhesion is needed both for quality con-

trol and for the development of improved film properties (e.g., 

monitoring variations of adhesion with different treatments and fabri-

cation methods). This need has become incresingly important with the 

recent expansion in the use of thin film/substrates in the electronics 

industry. 

Ideally~ the requirements of an adhesion test are: quantitative 

interpretation, applicability to a wide range of film thickness and 

film/substrate combinations, economy (minimal material use and machin-

ing requirements), reliability, sensitivity, and adaptability to 

routine testing. Despite many attempts to develop techniques for 

adhesion measurements, 1- 8 an entirely adequate quantitative test has 

not yet emerged. A brief survey and critique of the tests currently 

used will be given in Sec. 1.2. The objective of the present study is 

to develop an adhesion test, based on indentation fracture procedures, 

that satisfies these criteria. 

Adhesion tests based on fracture mechanics principles are the most 

9 10 likely source of quantitative procedures, '- Fracture mechanics 

methods exhibit several attractions, Firstly, an adhesion parameter, 

such as the adhesion strength, the work of adhesion, or the interface 

fracture resistance (or toughness) K~nter, can be defined. 
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Secondly, fracture mechanics provides a mathematical framework for 

developing sound, theoretically based, measurements of interface 

toughness. In addition, scattered results obtained in adhesion 

measurement can be characterized and rationalized by adopting concepts 

based on fracture statistics. Finally, the fracture test provides 

results with the potential of being used as a design parameter. 

However, currently available tests 10 are of restricted application 

and are too complex for most purposes (see Sec. 1.2.2). 

The test method proposed in this study involves the introduction 

of a mechanically stable crack into the interface, by employing con­

ventional indentation procedures. The resistance to propagation of 

the crack along the interface is then used as a measure of adhesion. 

Analysis of the results is based on recently developed indentation 

fracture mechanics. 11 - 13 The test is demonstrated to yield a 

sensitive measure of interface toughness. Also, by virtue of its 

inherent simplicity, and small scale, it appears to meet most of the 

requirements for a widely applicable adhesion measurement technique. 

1.2 Review of Adhesion Measurement Techni ues 

Many techniques of measuring adhesion between film and substrate 

systems have been described in the literature. However, the parameter 

measured and its physical significance remain ambiguous. Chapman, 3 

with further elaboration by Mittal ,4 pointed out that these methods 

generally conform to two approaches. The first is referred to as an 

academic approach. It measures "basic adhesion," which is the inter~ 

atomic bonding force across or within the interface. This approach is 

based on the premise that an understanding of film adhesion at thP 
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macroscopic level must be based on a knowledge of interface bonding. 

Basic adhesion can be theoretically calculated (based on quantum 

mechanics or molecular models) or experimentally determined (by under­

standing the wetting behavior14 or the nucleation mechanics2). 

The second approach, referred to as a pragmatic approach, measures a 

"practical adhesion, 11 parameter: either the bond strength or the 

adhesion strength as obtained in common mechanical tests. This bond 

strength is considered to be a function of the basic adhesion coupled 

with other factors, such as substrate surface finish, impurity con­

tamination, fracture trajectory, etc. Deryagin 15 clarified the 

distinction between these approaches by noting that adhesion can be 

regarded as two seperate processes. On the one hand, it is a process 

whereby two bodies are brought together and attached; this is the basic 

adhesion described by Chapman and Mittal, On the other hand, it is the 

process of breaking bonds between bodies that are already in contact. 

In an adhesion measurement, the second adhesion process is clearly the 

more important. It is essential to recognize that, although these tvJO 

processes are related, they are not equivalent. The difference can be 

illustrated by the following results, Recent theoretical calcua­

tions16•17 and fracture mechanics experiments in a homogeneous 

material have revealed that the theoretical calculated energy involved 

in the formation of a bond is only one tenth the energy needed to bre 

a bond in a fracture situation. The implication of this result is t;1at 

it can require more energy to break a bond than to form a bond, It can 

be expected that the same situation exists in adhesion. Experiments 

on peeling a film from a substrate .(Peeling test) confirmed this 
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l .c • D . 15 t t d th t t' specu aLlon. eryag1n s a e a ne wo of film peeling was 

found to be the order of 104 to 105 ergs/cm2 some 2 or 3 orders 

of magnitude greater than the energy of chemical bonding. Thus, the 

academic approach is indeed of academic interest only. A meaningful 

adhesion measurement should be able to measure the resistance of the 

interface seperation regardless of whether the interface is ideal, 

strengthened (interlocking) or weakened (contamination). Mechanical 

test clearly possess such a capability. However, inconsistent results 

and unsatisfactory correlations between different tests have impeded 

the development of such tests. A better understanding of these sts 

is clearly needed. 

Recent progress in fracture mechanics offers an opportunity for a 

better understanding of the above problems. A mechanical test can be 

classified (according to its abiJity to provide a true measure of the 

resistance of the interface separation) as a fracture test or a 

fracture mechanics test. A fracture test measures the critical force 

(of) or stress needed for separation. A fracture mechanics test 

measures a parameter characteristic of adhesion. This fracture para-

meter is fracture toughness of the interface. It appears in the form 

of a stress intensity factor, Kc, or a strain energy release rate, 

The relationship between fracture strength (o~) and fracture 
I 

toughness (Kc) is given by the following equation: 18 
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where a is the length of the crack along the interface that initiates 

the separation and Y is a function of specimen geometry. The above 

equation indicates that the measured fracture strength is dependent on 

fracture toughness, specimen, geometry and interfacial crack length. 

A fracture test which measures only the fracture strength of without 

taking account of the specimen geometry and the interfacial crack size 

is thus subject to a wide variation. On the other hand, a toughness 

value, measured in a fracture mechanics test, is independent of speci-

men geometry and shov;s less variation.* In addition, it can be 

expected to exhibit a better correlation with o er thin film physical 

properties.~* Hence, it is generally more desirable to measure the 

fracture toughness than the fracture stren ture effort should 

then concentrate on developing fracture mechanics tests. Hov<ever, it 

should be noted that, although the fracture strength is not an unique 

material property (it depends on the test method etc.) incorporation 

f t l f t t t h d t . t k t l . ' b l 'l . t 10 ?O o ne rae ure s reng a a 1n o a wea es 1nK pro aJl 1 y ~·-

framevwrk permits useful information to be decuc concerning the 

mechanical durability of the interface. Specifically,. the prob ility 

of failure <::·, is given by 

* The variation of fracture toughness is usually normal with a small 
standard deviation while the fracture strength usually conforms to 
an extreme value distribution. 

**See Experimental Results, Section 3. 
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¢ 1 ~ exp [ ~ ;-dV I 0 

f g ( s) ds] 

v 
where V is the volume of test specimen ard g(s) ds is the number of 

flaws per unit area with a strength between s and s + ds. The strength 

distribution g(s) can frequently be characterized by a Weibull 

function, 21 •22 

0 

.J;g(s) ds 

where S , S and mare Weibull parameters. A series of tests on 
0 .u 

specimen with known geometry determines t~e fracture probability 

and subsequently calibrates the ~eibull ~ar~~eters. Once the strength 

distribution is known, the fract~re probaoility (under different test 

conditions or with different geometries) can be predicted at a given 

stress level. 

Most adhesion tests describea in the li:erature are fracture 

tests. It is important to realize that cer:ain fracture tests can be 

converted into fracture mechanics tests DJ ~ntroducing a crack length 

measurement step. A list of adhesion tests is given in Table I; a 

brief description of each test is presented below. 

1. 2' 1 Fracture Test 

a. Direct Pull off Method 23 - 24 

A pulling device is attached to the fil~ surface and a force 

applied normal to the film/substrate intede:ce (using a tensile tt:stin9 

machine). The critical force at which the film is pulled off is 

related to the adhesion strength. There are several difficulties 
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involved in this test: Firstly, alignment must be perfect to ensure 

that a uniform tensile stress exits across the surface. Secondly, the 

attached pulling device may damage the film surface and probably 

disturb the interface properties. Thirdly, the results are difficult 

to interpret because the film is detached through a mixed mode of 

tensile and shear fracture. 

b. Electromagnetic Test25 

The principle of this test is to use the interaction between an 

electric current in the film and an external magnetic field to produce 

a force normal to the interface that is needed to detach the film from 

the substrate. This is an improvement over the direct pull off method, 

which a normal force is applied without attaching a pulling device to 

the film surface. However, thin film has to be patterned in this test 

to allow the electric current to pass through. It is very convenient 

to use this method for electronic microcircuit films. Otherwise a 

considerable inconvenience arises when the film is patterened. Another 

limitation of this test is the heating effects, created by the electric 

current, produces a_ thermal stress. 

c. Pulse Laser Method 26 •27 

A pulse laser machine is used to deliver a high energy pulsed laser 

beam on the backside of the substrate, which is coated with an absorb­

ing layer. The incident radiation is converted rapidly to thermal 

energy; this generates a compressive stress wave which propagates 

through the substrate, toward the film substrate interface. Then the 

reflection of the compressive wave from the surface gives rise to a 

tensile stress and leads to removal. of the film. 
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A threshold incident power at which the film is detached from the 

substrate is related directly to the adhesion strength. This test can 

also be performed using a pulsed electron beam instead of a pulsed 

laser beam, 

It was claimed that the main advantage of this test over other 

tests is that a film can be detached from a substrate without any prior 

disturbance. However, this advantage seems to be overshadowed by many 

other disadvantages. Firstly, the equipment is large, expensive and 

complex. Secondly, the film has to be patterened into dots smaller in 

diameter than the incident beam. If not, the film will tear and then 

spall off. Thirdly, considerable uncertainties are involved in the 

stress wave measurement (such as destructive interference, damping 

effects, thermal energy dissipation, etc.), additionally served 

unfavorable phenomena often develop in response to the shock wave, such 

as substrate shattering or decomposition, interface structural changes, 

and stress induced recrystallization, etc. 

d. Ultrasonic Test 28 

The principle of this method is to create a normal force at the 

film/substrate inte~face by employing an ultrason1c source. A film is 

attached to the free end of a metal cylinder and vibrated longitudi­

nally at a convenient ultrasonic frequency. The film is detached from 

the substrate when the force due to acceler ion exceeds the adhesion 

force at the interface. 

This method is potentially capable of evolving into a quantit3tive 

technique for measuring adhesion provided that the crack size can bn 

determined at some point during the test. At present, this method 
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measures only the average value of the adhesion strength. Addition­

ally, if the mass of the film used to produce acceleration is small 

(either the film is very thin or low density), the frequency needed to 

produce enough acceleration increases so substantially that it is not 

possible to conduct the test within the equipment capability. It is 

also noted that the adhesion of thick films cannot be extrapolated to 

obtain the adhesion of thin films. 

e. Ultracentrifu al Method 29- 30 

This is also a promising method but has the same limitations 

described in the previous test. A film/substrate specimen is suspended 

inside the center of a vacuum chamber (in the form of a rotor) by a 

magnetic field. Another rotating magnetic field is used to spin the 

specimen at high speed and to create a centrifugal force. The film is 

detached from the substrate at a critical rotation speed. The adhesion 

strength is related to this critical rotation speed, the film density 

and geometry. This method measures an average adhesion strength. 

f, Scotch Ta Tes t 31 - 32 

This is a very old and quantitative method for testing adhesion. 

A pressure sensitive-tape is pressed onto the film and then stripped. 

This adhesive strength of the film is ranked according to whether the 

film is completely removed, partially removed, or not removed at all, 

This inexpensive, simple and quick test has been used as a routine 

screening test. The disadvantages are obvious: it cannot provide a 

quantitative measure of adhesion. The results are affected by the tyoe 

of tape, the pressure applied, and the stripping manner. Another 
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restriction is that it is applicable only when the adhesion between 

the film and the substrate is less than the adhesion between the film 

and the tape. 

g. Scratch Test33 ~35 

This is a relatively new and popular test. A stylus, usually a 

chrome steel ball, a tungsten carbide, or diamond tip, is drawn across 

the film surface with the substrate moving at a controlled speed. The 

load normal to the interface applied to the s lus tip is gradually 

increased until the film is completely cut through and leaves a clear 

channel. This critical load is related to the adhesion strength of 

the film. 

It is a very simple and quick test, ideal for routine testing. 

The equipment is inexpensive and easy to set up. However, this test 

has been subject to many criticisms. It has been shown that a film can 

be detached before the formation of a clear track and it may also be 

thinner to optical transparency without being removed. The mechanism 

involved in stylus motion is also quite complex. It involves elastic/ 

plastic deformation, film tearing and material pile-up. 

One way to minimize these problems is to keep the substrate 

stationary. The test then becomes a hardness indentation and the 

adhesion strength can be obtained from indentation fracture analyses. 

A detailed description of the hardness indentation technique is given 

in Section 2. 

h. Blister Method 36 - 37 

This method is used primarily for polymer film coatings. The 

principle of this method is to inject a fluid (gas or liquid) beneath 
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the coating, at the coating substrate interface, and the hydrostatic 

pressure is increased until the coating begins to detach from the 

interface. (If the crack length and the hydrostatic pressure were 

measured, the fracture toughness could be determined using this 

technique.) This method has only been applied to thick coatings. 

1.2.2 Fracture Mechanics Tests 

a. Peel Test38 

This is a very popular test. It is an improvement over the scotch 

tape test. The film can be peeled off from the substrate by applying 

a force either directly on to the film or through an adhesive tape 

pressed onto the film. This force is applied over a specific width of 

the film, at a specific angle to the film surface and at a controlled 

rate. The peeling energy (Fracture neergy) can be expressed in terms 

of the work done unit area, since both the force applied and the 

length of the film detached from the substrate can be measured. 

Although the peeling test measures a fracture energy of interface, 

the interpretation of this energy remains ambiguous. For example, 

Chapman reported that the peeling energies measured, with or without a 

tape attached to the film, can be quite different (e.g., for gold films 

on soda 1 i me glass). The energy measured with a tape on the film is 4 

times higher than that without a tape. Also, Chen and Flavin 39 

indicated that the inelastic deformation of the film contributes to the 

peeling energy; by giving an erroneous measure of adhesion. In aadi-

tion, the peeling energy is highly dependent on e rate of peeling 

and on. the width of film over which the force is applied. 
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b. Constant Compliance Test10 

This test was developed originally for adhesive joint testing. A 

tapered double cantilever beam adhesive specimen is under Mode I 

loading. The energy release rate G can be expressed as a function of 

load applied~ the beam thickness 9 elastic modulus~ the beam height at 

the crack tip and the crack length. Bascom and Bitner10 applied this 

technique to thick film adhesion. A single beam test specimen was 

devised. The beam v1as cut from the brass plate shaped into a specific 

form and dip soldered onto a thick film specimen. The principal 

disadvantage of this test concerns the extensive specimen machining 

needed to conduct. Also 9 residual stresses from soldering can result 

in erroneous measurements. 

c' lied Moment Test10 

This is another form of double cantilever beam test. Instead of 

applying a force normal to the pre-existing crack~ a constant moment 

is applied. The same specimen preparation disadvantages that apply to 

the constant compliance test also apply to the constant moment test, 

In view of the complexity and the restricted application of the 

currently available fracture mechanic tests, a new test method based 

on h a r d n e s s i n de n tat i on i s i n t r od u c e d . 
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2. INDENTATION FRACTURE 

The "viell developed" deformation/fracture pattern which results 

from indentation of the surface of a homogeneous brittle solid with a 

Vickers pyramid is shown schematically in Figure 1. The elastic/ 

plastic nature of the deformation response has been analyzed in the 

first part of the thesis. Two distinct crack systems are apparent; the 

"median/radiaP system comprising two orthogonal, semi-circular cracks 

parallel to both the load axis and an indentation diagonal, and the 

penny-shaped ''lateral'' crack parallel to the surface and centered near 

the base of the plastic deformation zone. ~oth crack systems develop 

mainly durihg the unloading half cycle and are driven primarily by the 

residual elastic/plastic stress field. 

Recent analysis of these crack systems has provided improved 

understanding of the behavior of flaws in brittle surface, and enabled 

development of predictive models for material degradation processes. 

The radial/median crack system is pertine~t to strength degradation 

( t t . t t 40-41 t' 1 . t 42-L,J h' . ' 44) s a 1c con ac , par 1c e 1rnpac , :-:1ac 1n1ng oamage 

and the lateral crack system to material re~Jval processes (erosion 

44-45 and wear). In addition, the derivatio~ of the functional 

dependence of the radial crack dimension or the pertinent parameters 

(contact load P, material hardness H, elastic modulus E, and toughness 

K) has led to a simple and efficient technioue of toughness measure­

ment.47-48 The method has been extended :o ~easure the interface 

toughness of very thick coatings by sectioning normal to the interf2ce 

and aligning the indentation such tht one radial crack propagates 
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along the interface. 49 Hov.'ever, the method cannot be applied to 

thin coatings (less than -1 mm) because of free surface effects on the 

crack propagation. 

A more su itab 1 e basis for the present film adhesion measurements 

is provided by the lateral crack system. The film surface parallel to 

the interface is indented, and the lateral crack is induced to propa-

gate along the interface (Fig. 2). Then measurements of the crack 

radius c, the indentation load P, the indentation diagonal 2a, and 

thickness h, will be demonstrated to pro~ide a measure of the toughness 

K~nter. Lateral cracks in the homogeneous material usually, but 

not always, form near the base of the plastic zone. Hov1ever, the 

driving force for lateral crack propagation exists over a range of 

pth and the actual depth at v1hich a crack propagates is influenced 

by the availability of crack nucleation sites. 50 The proposed test 

is based on the rationale that an interfc.ce (in the vicinity of the 

plastic zone) with a lower toughness than thc.t of either the film 

material or the substrate material will be the preferred site for 

lateral crack formation. \~hen fracture cannot be induced at the 

interface (but occurs in the film or substrate) it can be immediately 

concluded that the interface toughness is at least as large as that of 

the weaker material constituent. 

Further observations also indicated that a preferred interfacial 

lateral crack was developed in ZnO/Si systems (see Fig. 4). The 

similar material properties of ZnO and Si si lifies the fracture 

analysis in Sec. 4, Additionally, the deposition of ZnO film using a 
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planar magGetron sputtering technique is much faster than depositing 

poly Si using low temperature CVD method. All the subsequent experi­

ments were conducted on ZnO/Si systems. The present study is confined 

to combinations of ZnO on Si and Si on Si because the materials have 

similar values of both hardness and elastic modulus (the parameters 

that dictate the magnitude of the residual stress which provides the 

crack driving force). This choice simplifies the theoretical analysis 

and permits direct correlation between theory and experiment. The ef­

fects of a mismatch in hardness and/or elastic modulus will be 

addressed in a subsequent analysis. 
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3. EXPERIMENTAL OBSERVATIONS 

The viability of the indentation technique for measuring adhesion 

was firstly established by examining the influence of a sub~surface 

interface on the development of lateral fractures. In most cases, 

subsurface lateral crack cannot be seen under a scanning electron 

microscope. An optical microscope is thus used to observe. lateral 

cracks under a Nomarsky interference contrast mode. Lateral cracks 

obtained in a Si single crystal are compared with those that develop 

at the interface between a 2~m polycrystalline Si film deposited onto 

single crystal Si (Fig. 3). A circular sub-surface lateral crack, 

located at the interface, was clearly evident in the latter, while a 

sr.;aller, less distinct lateral crack developed in the single crystal. 

These observations indicate that interfaces are preferred sites for 

the lateral fracture process, thereby satisfying the basic prerequi-

site for applying the indentation technique to the adhesion problem. 

Further observations also indicated that a preferred interfacial 

lateral crack vo~as developed in ZnO/Si systems (Fig. 4). The similar 

material properties of ZnO and Si simplifies tne fracture mechanics 

analysis in section 4. Aoditionally, the deposition of ZnO film using 

a planar magnetron sputtering equipment is much faster than depositing 

polycrystalline Si film using low temperature CVD method. All sub-

sequent experiments were conducted on ZnO/Si systems. 

12 13 45 . It can be anticipated from previous work ' ' 1n indentatior: 

fracture that the radius of the lateral crack will depend on the 

indentation load and the film thickness (i.e., the crack location) in 

addition to the interface toughness (the parameter of interest). A 
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typical influence of the load on the crack length is illustrated for 

ZnO/Si in Fig, 5, Quantitative application of the indentation method 

will require determination of the functional dependence of the crack 

length on each of these variables, This issue \.Yill be addressed in 

Section 4. At this juncture, some important trends in adhesion are 

established, This is achieved by comparing crack lengths for the same 

load and film thickness obtained on indented samples of ZnO/Si, pre-

pared under different conditions, In some ir'stances, the adhesion 

trends are correlated with other property measure:·nents, in order to 

demonstrate the general utility of indentation as a reproducible, 

comparative method for determining adhesion, 

The ind~ntation results obtained at 300 g, for the following two 

systems, 6um ZnO/lOOOA Sio 2 ;(1ll)Si-~ type and Sum Zn0/l500A Pt/500A 

Ti/(111) Si-N type, are illustrated in Fig, 6, It is noted that 

faceted lateral cracks develop in the latter, indicating the existence 

of preferred paths of fracture resistance (typical of lattice orienta-

tion effects in single crystals), and that the average crack radius 

for this system is smaller, Superior adhesio~ thus obtains for the 

system with e Pt/Ti interlayer,* Independer,t measurements of the 

acoustic properties 50 indicate appreciably larger acoustic signals 

for the latter, A correlation between adhesion and acoustic proper-

ties indicates that deposition conditions that velop a good quality 

* It should not be concluded that the Pt/Ti interlayer invariably vc­
vides superior adhesion, Other fil~ formation parameters are of s~J­
stantial importance with regard to adhesion, 
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interface also lead to films of high quality which, in turn, provide 

good acoustic properties. 

Another series of tests on lO~m ZnO/lOOOA Si02/(lll) Si samples 

are summarized in Fig. 7. One sample exhibits superior adhesion to the 

other two, as manifested in a faceted lateral crack configuration, with 

a smaller average crack radius. Sectional views of these ~amples 

(Fig. 8) indicates that the sample with the superior adhesion consists 

of a ZnO film with columnar grains, orientec with (0001) normal to the 

substrate surface. This film also exhibits greater optical trans-

parency. Additionally, X ray rocking curve 2xperiments show that the 

full width at half maximum of the (0001) ~i~~raction peak is smaller 

for the sample with superior adhesion than for the other samples (1.9" 

compared to 2.8" ). Other studies have indicated that films with a 

highly oriented structure, good optical quality and columnar grain 

5" -54 geometry typically provide optimum acoustic properties. 1 Again, 

therefore, the measure of adhesion obtained oy indentation seems 

to reflect trends in other important physical properties. 

The sensitivity-of the indentation test to inferior adhesion is 

demonstrated in Fig. 9. Very large lateral cracks develop on poor 

quality films; in some instances causing sections of the film to be 

removed (Fig. 9b). The variability in the extent of lateral fracture 

obtained at various locations over the surface indicates that adhesion 

in such films exhibits substantial spatial variation (good quality 

fil~s show very little scatter in the lateral crack dimension). 



-105-

Finally, the application of indentation tests, as a simple means 

for monitoring trends in adhesion is emphasized. For this purpose, 

lO~m ZnO/Si samples have been annealed in air and in vacuum and then 

the lateral fracture extension determined in each case (Fig. 10). It 

is immediately evident that vacuum annealing substantially enhances 

the adhesion, while annealing in air causes a corresponding degration. 
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4. THE INTERFACE TOUGHNE 

A quantitative measure of the interface toughness can be provided 

by developing an adequate model of lateral crack extension. The 

extension of well developed indentation fractures has recently been 

subject to successful analysis by treating the indentation plastic zone 

as a precompressed spring that provides the driving force for crack 

extension, and relaxes as the crack extends. 11 •12 This same approach 

can be used to anticipate the crack extension c along an interface, 

located at a depth, h, beneath the surface (Fig. 11). The analysis in 

h . d "ff f tl . h t . " 12 1 h t 1s case 1 ers rom 1at 1n a omogeneous ma er1ai on yin t e 

treatment of the depth h (for interface cracks h is constant and equal 

to the film thickness, v1hereas cracks in a homogeneous material are 

located at the base of the deformation zone and h varies with indenta-

tion load). 

4.1 Anal sis 

Based on the previous analysis, 11 • 12 the residual driving force 

P for the crack extension can be expressed, using the analog of a 
r 

precompressed spring, a~ 

pr U 
-p-"" 1--u-

ro ro 
( 1) 

where U is the crack opening displacement when the load is removed, 

Pro and Uro can be treated as two spring constants. The above 

equation states that when the force exerted by the spring element is 

in the fully compressed state, i.e., P =P , the crack opening r ro 
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displacement lJ is zero" On the other hand, if the spring is fully 

relaxed, Leo, Pr=O, the crack opening disp",acement becomes U ro 

Since P and U are functions of the peak load P, and the ro ro 

material constants (E,H), they can then be expressed (Appendix I), as 

follows: 

p 
ro 

(E/H)3/5 p 

4/ c; A lj~ 

U ~ (HIE) v (P/H)"" t. 
ro 

The crack opening displacement U is related to the residual 

force P through the following equation 
r 

U = A P r 

(2) 

( 3) 

iv i ng 

( 4) 

where\, the compliance of the film, is related to the lateral crack 

length c based on the thin plate theory. It is qiven bv 12 
- " ' 

( 5) 

where A is a constant, E and h are the elastic modulus and the thick-

ness of the film. The relationship between the residual driving force 

and the lateral crack length is thus established. It is achieved by 

substituti:Jg eq. (4) into eq" (1): 



p 
p 
ro 

,, 
I 

1 + A 
uro 

It is necessary in the next 

to the interface toughness, 

The stress intensity factor 

K = ( GE 
2
] 1/2 

1-\) 
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step to relate the residual driving 

Kint 
I c ' and the lateral crack length. 

K for plane strain fracture is given 

where the strain energy release rate G can be expressed as 55 

Pr2 d>. 
G "'2-~­

d('lTc 

( 6) 

force 

by 

(7) 

( () \ 

0} 

The stress intensity factor K is thus related to the residual 

driving force by combining eq. (5), (7), (8) and eliminating G and L 

It reduces to 

( 9) 

where 

Finally, the crack length cis related to the loac, e material 

iJroperties and the interface toughness by substituting eq. (2), (3) 

and (6) into eq. (9) and letting K=Krc· The result is 
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p 1/2 
0 ''1/4 C=a(l-;::-) P (10) 

p 

where P
0 

is a threshold load for crack formation and a is given by: 

r: 
h

312 
1/5 9/10] 

112 
a = a 1 E H 

IC 
( 11) 

VJhere a 1 is a material independent coefficient that can be deter­

mined by calibration, on a homogeneous material with known H and Krc· 

Once a 1 is known, subsequent experimental determination of a, 

obtained by fitting crack lengths at several load levels to eq. (10), 

·· Kinter t b bt · · f (11) ·d d tl f"l permns IC o eo a1nea rom eq. ; prov1 e 1e 1 m 
A 

thickness h is also measured (H is determined directly from p and the 

indentation diagonal). 

4.2 Results 

The calibration of the coefficient a 1 , based on glass indentation 

experiment, 12 yielded a value of 5.5 x 1o-14 . Indentations were 

carried out on a Zn0/Sio2;si system for several different loads and 

the crack 1 en gths were measured. The results are shown in Fig, 12. A 

fit of the data to eq. (10) indicates that the threshold load is 

P
0 

= 3N and that a = 4.5 x 10-5mN- 114• Inserting the film thick-

ness h = 10~m and the hardness H = 8.5GPa into eq. (11), the interface 

toughness is determined to be 0.1 r~1Parm. This compares v:ith material 

toughness of, 0.6 MPa lmfor Si, -0.7MPa lrilfor Si02 and -lMPa lm 
for ZnO. The interface thus exhibits a lower fracture toughness than 

the constituent materials, as required for the observation of interface 
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fracture. Preliminary credence ir the model is thus provided. Much 

additional experimentation is needed, however, to determine if the 

analysis correctly predicts trends in film thickness, load and 

interface toughness. 
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5. DISCUSSION AND CONCLUSIONS 

A simple indentation test for measuring the adhesion of thin or 

thick films to substrates has been developed. The general utility of 

this test as a simple way for establishing trends in the adhesion of 

film systems, achieved by employing different deposition or post~ 

deposition techniques, has been demonstrated. This was achieved by 

conducting experiments on various ZnO/Si systems. Important influences 

on adhesion of the interlayer material (Pt/Ti being preferred to Si02) 

and of the deposition conditions (columnar ZnO grain morphologies 

yielding superior adhesion) were discussed and correlated with the 

acoustic properties. Additionally, substantial effects of heat treat­

ment procedJres on the adhesion were detected in this manner. It 

should be stressed that the simplicity of the indentation technique 

renders it ideally suitable for trend determinations of this type. The 

technique can be used with small specimens (a few millimeters in 

length), no special specimen preparation is required, a standard hard­

ness testing machine and optical microscope are the only equipment 

requirements, the adhesion measurements are reproducible, and results 

can be obtained routinely, quickly and with minimal material damage. 

The development of indentation methods for the absolute measurement 

of interface fracture resistance has been studied. An analytic solu­

tion for well developed lateral cracks has been shown to conform quite 

satisfactorily with data obtained on a ZnO/Si system. For other fi1 

substrate combinations where the material properties are not compatible 
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(the plastic zone created by the indentation may not retain the hemis­

pherical shape), further analysis as well as experimental studies are 

needed to substantiate the fracture model, Thereupon, the method 

should be capable of providing direct information concerning the 

fracture toughness of interfaces, 
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APPENDIX I. EVALUATION OF P and U ro ro 

The elastic/plastic mismatch stress generated around the plastic 

zone boundary provides information for parameters Pr
0

/Uro· In the 

well developed crack system it has been demonstrated successfully that 

Eshelby's method 56 of solving inclusion problems can be applied to 

the elastic/plastic indentation problem. Thus. the P and U · ro ro 

are evaluated in the following manner. 

1) In an unstressed half space, remove a segment of material 

hemisphere with radius b from the indentation site. 

2) Plastically deform the removed material by indentation over a 

contact rad~us a. Thus, irreversible strain is created by the expan-

sion of the characteristic zone, the plastic zone, with radius b. If 

V is the volume of indentation and V is the volume of the character-

istic zone, the configurational strain € produced by indentation is 

given by 

v 3,b3 
€ = V a ; (A-1) 

The relation between b/a and the material constants E/H is given, 

in part I of this study, by 

b/a - (E/H) 215 (A-2) 

3) If the plastic deformation zone is restored elastically to its 

original dimensions, a hydrostatic compressive stress o, given by 
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v 3 
o - E(v) - E(a/b) 

is generated across the outer boundaries of the plastic zone, 

4) Reinsert the pressurized segment into the original cavity and 

allow the system to relax, The plastiz zone can now be considered as 

a source of effective outward residual force. The residual force Pro 

can be obtained, when there is no crack present, by integraiing the 

hydrostatic compressive stress o over the area of the plastiz zone 

P - E('}_)b2 
ro IJ 

U is determined in terms of radial displacesent of the zone ro 
boundary in going from the fully compressed to the fully relaxed state: 

(A-5) 

The parameters a and b are related to the indentation load, hardness 

and elastic modulus through the follo~ing eauations: 

a - (P/H)l/Z 

Hence, Pro and Uro are obtained by substituting eqs. (A-6) and 

(A-7) into eqs. (A-4) and (A-5): 

(A-6) 

(A-7) 
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Pro- (E/H)3/5 p 
(,~-6) 

( A-7) 
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Table 1. Comparison of Adhesion Test 

Test 

Direct Pull off Method 

Electromagnetic Test 

Pulse Laser Test 

Ultrasonic Test 

Ultracentrifugal Test 

Scotch pe Test 

Scratch Test 

Blister Test 

Peel Test 

Constant Compliance Test 

Contant ~offient Test 

Indentation Test 

Type* 

F 

F 

F 

F 

F 

F 

F 

F 

Fi,i 

Fl/. 
'I 

* Fracture i'1echanics Test is designated by "Fili''. 

Fracture test. 

Comment ** 

s 
s 
s 
s 
s 

s 

"F" indicates the 

** Those that can be converted to Fracture ~echanics test, provide that 

crack size is measured, are designated by S. 
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FIGURE CAPTIONS 

Figure 1. A schematic showing crack patterns generated by Vickers in­

dentation in a homogeneous material. a) Four radial cracks 

propagating along the indentation diagonal direction, b) Sec­

tional view of the indentation; the dotted region represents 

the plastic zone created by indentation. The median crack 

coalesces with the radial crack to form a half-penny shaped 

crack. Lateral cracks propagate parallel to the surface. 

Figure 2. A schematic of an indentation made on a film/substrate 

sample. The lateral crack propagates preferentially along 

the interface. 

Figure 3. Optical micrographs of indentation of Si. a) An indentation 

made on single crystal (111) Si surface~ indicating four 

radial cracks, and b) an indentation made on thin film 

specimen~ 2~m poly Si/500~ Sio2;(111)Si. A circular sub­

surface lateral crack~ located at the interface, can be seen 

using an interference contrast method. 

Figure 4. Optical micrograph of indentation on ZnO/Si s~stem indicating 

a subsurface lateral crack was developed along the interface. 

Figure 5. Optical micrographs illustrating the effect of the indenta­

tion load on the lateral crack length for a ZnO/Si system. 

a ) 5 N an d b ) 1 0 N • 

Figure 6. Optical micrographs of 300 g indentation made on a) 6 ~m 

Zn0/1000~ Si02(lll)Si-N type~ b) 6~m Zn0/1500A Pt-500~ 

Ti/(11l)Si-N type, The average crack radius is smaller in 

. the latter, indicating a superior adhesion. 
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Figure 7. Optical micrograph of 1000 g indentations on three 10 ~m 

ZnO/lOOOA Si02J(lll)Si samples deposited under different 

conditions. (c) shows better adhesion than (a) or (b), as 

manifest in a faceted lateral crack configuration, with a 

smaller average crack radius, 

Figure 8. Scanning electron micrographs of fracture surfaces through 

the three samples shown in Fig. 7. Sample (c), which 

exhibits superior adhesion, shows a columnar grain structure 

in the ZnO film. 

Figure 9. Optical micrographs indicating variations in the lateral 

crack size for a sample indented at different locations. 

This film exhibits poor and varioble adhesion. 

Figure 10. Optical micrograph of 1000 g indentations on 10 ~m 

ZnO/(lll)Si samples annealed at lOOOOC for 1 hr in different 

atmospheres. (a) as deposited sample (b) annealed in air. 

Film peeled off dramatically after indentation indicating 

adhesion is very poor. (c) annealed in vacuum at low oxygen 

partial pressure, adhesion is improved as c·ompared to (a). 

(d) annealed in vacuum at extra low oxygen partial pressure. 

Both the hardness and the adhesion of the film exhibited 

the greatest improvement. 

Figure ll.A schematic of the indentation mJdel indicating the residual 

force associated with the plastic zone that acts as the 

driving force for lateral .crack extension. 

Figure 12.Dependence of the lateral crack length on the indentation 

load. The specimen is 10 ~m ZnO/lOOOA Sio2;(111)Si. 
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Fig, II-3 CBB807-08223 
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Fig. II-4 XBB807-8229 
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Fig, II-5 XBB807-8227 
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Fig. II-6 XBB807-8163 
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Fig. II-7 CBB807-816l 
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Figo II-9 CBB807-08225 
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Fig. II-10 XBB807-8230 
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